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Abstract
We construct a Dirac-Born-Infeld (DBI) action coupled to a two-form field
in four dimensional N = 1 supergravity. Our superconformal formulation of
the action shows a universal way to construct it in various Poincare´ super-
gravity formulations. We generalize the DBI action to that coupled to matter
sector. We also discuss duality transformations of the DBI action, which are
useful for phenomenological and cosmological applications.
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1 Introduction
The Dirac-Born-Infeld (DBI) type actions [1, 2], which are nonlinear generalizations of
Maxwell theory, naturally appear as the low-energy effective description of D-branes in
superstring theory. In particular, if supersymmetry (SUSY) is preserved at low energy scale,
D-branes should also be described in a SUSY way. Such attempts have been studied so far
(see ,e.g., [3, 4, 5, 6, 7]). Also, D-brane actions coupled to supergravity (SUGRA) back-
ground are discussed in Refs. [8, 9]. These constructions clarify the direct relation between
superstring and its effective field theory.
As a bottom-up approach to superstring theory, 4D N = 1 SUSY/SUGRA model build-
ings are quite useful, which directly relate the models to collider experiments and cosmo-
logical observations. In particular, the current progress of cosmological observation gives
constraints on inflation models in the early universe. From this perspective, coupling to
not the SUGRA background but the dynamical SUGRA multiplet is important for model
buildings.
In this work, we develop further the DBI type actions in 4D N = 1 SUGRA, which have
been discussed in Refs. [10, 11, 12, 13, 14, 15]. The effective action of a single D3-brane
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would take the following form,
∼
∫
d4x
√
−det(gµν + ∂µφi∂νφ∗i + Fµν +Bµν), (1.1)
where gµν is a graviton, φ
i are position moduli, Fµν is a field strength of an abelian gauge
field, and Bµν is the so-called B-field, an antisymmetric tensor. Although some parts of
this action have been realized within the off-shell N = 1 SUGRA formulation, there is no
complete realization of it.
What we focus on in this paper is the couplings to B-field in SUGRA, which has never
been discussed in previous works. The B-field, which comes from the NS-NS sector in
superstring, is necessary for, e.g., Green-Schwartz anomaly cancellation [16]. For the SUGRA
realization of DBI action, the observation in partial breaking of N = 2 SUSY is very helpful,
which is discussed, e.g., in Refs. [17, 18, 19, 20]. There are various discussions related to the
DBI actions in Refs. [21, 22, 23, 24, 25, 26, 27, 28]. In Refs. [22, 29, 30], the combination
including F +B was constructed in global SUSY, and also discussed some duality properties
the action has. We first embed it into superconformal system, which unifies the construction
of an action in various SUGRA formulations [31, 32, 33, 34, 35]. Then, based on the minimal
formulation, we generalize it to the matter coupled system.
We also show the bosonic component expressions of the action for applications particu-
larly to cosmology. It has been known that the SUSY higher-order derivative terms, which
the DBI action also has, show interesting features and play important roles in cosmological
model buildings. For example, such terms of chiral superfields have been investigated in
Refs. [36, 37, 38, 41, 39, 42, 43, 40, 44, 45, 47, 46, 48, 49, 50, 51, 52, 53]. We also show
the duality relations, which enable us to see the system from different viewpoints. As we
will see, the DBI action with the B-field is dual to the massive DBI action, which has been
shown in Refs. [15, 29, 30].
The remaining parts of this paper are organized as follows. In Sec. 2, we first review
the construction of DBI action with and without couplings to the B-field. We will see that
the constraint imposed between two chiral superfields and the structure of nilpotency are
important for the constructions. Then, we discuss the SUGRA generalization of the DBI
with the B-field in Sec. 3. We briefly review the basics of conformal SUGRA in Sec. 3.1. Then
we embed the constraint, which is a key to realize the DBI action, into conformal SUGRA,
and also extend it to a matter coupled system in Sec. 3.2. We will find that in all the SUGRA
formulations, we can realize the DBI action in a unified manner. Also, its bosonic component
expansions will be shown in the old minimal case in Sec. 3.3. The resultant action has some
dual properties which we discuss in Sec. 4. Finally, we summarize this paper in Sec. 5. In
Appendix. A, we show the details for deriving the on-shell Lagrangian. In Appendix. B, the
explicit component expressions of dual actions obtained in Sec. 4 are shown.
Throughout this paper, we use Planck unit MP = 1 where MP = 2.4 × 1018 GeV is the
reduced Planck mass.
2
2 DBI action in global SUSY
Here, we briefly review the DBI action with and without couplings to a two-form superfield
containing the B-field in global SUSY, which we will embed into conformal SUGRA formu-
lation in Sec. 3. Since the superfield formulation is rather simpler than the Poincare´ SUGRA
case discussed later, it would be useful to understand the construction in global SUSY case.
2.1 DBI action without B-field
On the basis of Refs. [19, 20], we first review the construction of SUSY DBI action including
the field strength of a U(1) vector potential Aa,
L = 1−
√
−det (ηab + Fab), (2.1)
where Fab = ∂aAb − ∂bAa. To embed this Lagrangian into superfield formalism1, we need a
real superfield V and its field strength superfield Wα ≡ −14D¯2DαV where
Wα = −iλα +
(
δβαD −
i
2
(σaσ¯b) βα Fab
)
θβ + θθσ
a
αα˙∂aλ¯
α˙. (2.2)
Dα and D¯α˙ are a spinor derivative and its conjugate. λ is a Weyl spinor and D is a real
scalar. Here we denote D2 = DαDα, D¯
2 = D¯α˙D¯
α˙.
The key for constructing a SUSY DBI action is the following constraint imposed between
chiral superfields X and Wα,
X + aXD¯2X¯ + bW 2 = 0, (2.3)
where a and b are real parameters. Note that this condition observed in Refs. [19, 20] is
a consequence of partially broken N = 2 SUSY. Although the view of the partial SUSY
breaking gives physically interesting understanding, we just use this constraint as a tool to
realize the DBI action.
The constraint can be solved with respect to X as a nonlinear function of W 2,
X(W, W¯ ) = −bW 2 − 2ab2D¯2
[
W 2W¯ 2
1− 2abA±√1− 4abA + 4a2b2B2
]
, (2.4)
where
A ≡ 1
2
(D2W 2 + D¯2W¯ 2), B ≡ 1
2
(D2W 2 − D¯2W¯ 2). (2.5)
This is a consequence of the nilpotency of the third term W 2 in Eq.(2.3). Also, the solution
X(W, W¯ ) is proportional to W 2, which leads to X2 = 0. This shows the underlying Volkov-
Akulov nonlinear SUSY [55, 56, 57, 58].
1We follow the superspace conventions of Ref. [54].
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Using the solution (2.4), one can obtain the DBI action from the linear term of X(W, W¯ ),
L =
∫
d2θX(W, W¯ ) + h.c.. (2.6)
After integrating out the auxiliary field D, the bosonic part of Eq. (2.6) gives
L|boson = 1
4a
[
1−
√
1− 8abFabF ab + 16a2b2(FabF˜ ab)2
]
=
1
4a
[
1−
√
−det
(
ηab + 4
√−abFab
)]
, (2.7)
where F˜ab ≡ − i2εabcdF cd. Here, we have used the following formula
−det (ηab + αFab) = 1 + α
2
2
FabF
ab +
α4
16
(FabF˜
ab)2, (2.8)
and chosen the “+” branch in Eq. (2.4). For a = 1/4 and b = −1/4 in Eq. (2.7), we obtain
L|boson = 1−
√
−det (ηab + Fab), (2.9)
which is exactly the DBI form (2.1).
To extend the action to ,e.g., matter coupled system, it is rather useful to impose the
constraint (2.3) by a Lagrange multiplier chiral superfield Λ as [20],
L =
∫
d2θ
[
X + Λ
(
X + aXD¯2X¯ + bW 2
)
+MX2
]
+ h.c.. (2.10)
Here we have also introduced the last term with a multiplierM , whose variation gives X2 = 0
trivially satisfied by a solution (2.3). Due to X2 = 0, the lowest component of X becomes
a fermion bilinear which simplifies our computations, as long as we extract bosonic parts.
This additional constraint neither conflicts with Eq. (2.3) nor imposes overconstraint on this
system.
2.2 DBI action with B-field
Now, let us move to the case where a two-form field Bab is coupled to a U(1) vector. Such a
two-form is naturally described by a real linear superfield L which satisfies
D2L = D¯2L = 0. (2.11)
Its component expression is
L = C + θη + θ¯η¯ + θσaθ¯Ba − i
2
(θθ)θ¯σ¯a∂aη − i
2
(θ¯θ¯)θσa∂aη¯ − 1
4
θθθ¯θ¯C, (2.12)
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where C is a real scalar, η is a Weyl fermion, and a real vector Ba satisfies ∂
aBa = 0, that
is, it can be written using a two-form field Bab as Ba =
1
2
εabcd∂
bBcd. The definition (2.11)
implies the existence of the chiral spinor prepotential Φα [59],
L = DαΦα + D¯α˙Φ¯
α˙, D¯β˙Φα = 0, (2.13)
with component expansion,
Φα = ξα − θβ
(
1
2
δβα(C + iE) +
1
4
(σaσ¯b) βα Bab
)
+ θθ
(
ηα + iσ
a
αα˙∂aξ¯
α˙
)
, (2.14)
where ξ is a Weyl fermion and E is a real scalar. Note that, due to the identity DαD¯2Dα −
D¯α˙D
2D¯α˙ = 0, L is invariant under the gauge transformation,
Φα → Φα + i
8
D¯2DαΘ, (2.15)
where Θ is a real superfield. By this gauge transformation, E and ξ can be gauged away.
In Sec. 2.1, we see that the constraint (2.3) with the nilpotency of W 2 is important for
the construction. By this observation, we expect a combination
(W − 2igΦ)2, (2.16)
could be replaced with W 2, since it still possesses the required nilpotency. Here, g is a real
constant. Furthermore, this combination is invariant under the gauge transformation (2.15)
if we assign the following transformation,
V → V + gΘ, Wα →Wα − g
4
D¯2DαΘ. (2.17)
to the vector superfield V . The DBI Lagrangian coupled with the two-form can be written
as a natural generalization of Eq. (2.10),
L =
∫
d2θ
[
X + Λ
(
X + aXD¯2X¯ + b(W − 2igΦ)2)+MX2
]
+ h.c. + Lkin,L, (2.18)
where Lkin,L is responsible for the kinetic term of L, though we do not specify it here.
Finally, let us comment on the relation to the partial N = 2 SUSY breaking. This action
can also be realized within partially broken N = 2 SUSY, where a Goldstino N = 2 vector
superfield couples to a N = 2 tensor multiplet [29]. Then, applying dual transformation to
supersymmetric B∧F coupling [30], we obtain the same action. Interestingly, the Goldstino
superfield Wα can be eaten by the two-form superfield by super gauge transformation (2.15).
This means the super-Higgs mechanism works without a gravitino in N = 2 SUGRA [29].
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3 Extension to 4D N = 1 conformal SUGRA
In this section, we discuss the SUGRA generalization of Eq. (2.18) in conformal SUGRA,
which is briefly reviewed in Sec. 3.1. Using this technique, we embed the constraint and
realize (matter coupled) action in Sec. 3.2. We will see that our action can be realized in any
SUGRA formulations. Then, we derive component expressions especially in the old minimal
formulation as an example. We follow the conventions of [60] here and hereafter.
3.1 Preliminary
Here, we briefly review conformal SUGRA and show multiplets necessary for our purpose
(see Refs. [34, 35, 60] for more details).
Conformal SUGRA is a gauge theory of superconformal group which consists of dilata-
tion, U(1)A symmetry, S-SUSY and conformal boost in addition to symmetries of Poincare´
SUGRA (translation, SUSY and Lorentz symmetry). First we construct an action invariant
under superconformal symmetry, and break symmetries spontaneously other than Poincare´
SUSY by imposing gauge fixing conditions. Some of them are imposed on an unphysical
multiplet called a compensator multiplet. This conformal SUGRA technique enables us to
circumvent complicated field redefinitions which are present in Poincare´ SUGRA methods,
thanks to extra symmetries in superconformal group. Furthermore, it gives us a unified
description of different SUGRA formulations such as the old and new minimal formulations,
which have different sets of auxiliary fields in the gravity multiplet. In terms of conformal
SUGRA, these differences come from the choices of compensator superfields, e.g., the chiral
compensator S0 leads to the old minimal formulation, and a real linear compensator L0 does
the new minimal formulation2.
One more important notion is that the multiplet in conformal SUGRA is characterized
by charges under the dilatation and U(1)A symmetry, called Weyl weight w and chiral weight
n, respectively. Typical multiplets have specific Weyl and chiral weights. For example, a
chiral multiplet X which is defined by
D¯α˙X = 0, (3.1)
satisfies a weight condition, w = n. Here, D¯α˙ is a spinor derivative corresponding to the
superconformal generalization of D¯α˙ [35]. Also, weights of anti-chiral multiplet X¯ must
satisfy w = −n. On the other hand, a real linear multiplet L which satisfies
ΣL = Σ¯L = 0, (3.2)
has determined weights as (w, n) = (2, 0). Σ and Σ¯ are chiral projection operator which
is analogous operation of D¯2 and D2 in global SUSY [35]. Σ (Σ¯) can be applied when the
2We distinguish the physical multiplet and compensator by adding a subscript ”0” to the latter.
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operand satisfies the weight condition w − n = 2 (w + n = 2), which is consistent with the
weights of L.
These multiplets, X and L, can be considered as irreducible representations of general
multiplet Φ with weights (w, n), whose components are given by
Φ = {C,Z,H,K,Ba,Λ,D}. (3.3)
Here Z and Λ are Dirac spinors, Ba is a vector, and the others (C,H,K,D) are complex
scalars. Indeed, the chiral multiplet X is embedded into a general multiplet as
X = {X,−
√
2iPLχ, FX , iFX , iDaX, 0, 0}, (3.4)
where X and FX are complex scalars
3, and χ is a Majorana spinor. PL is a left-handed pro-
jection operator, thus PLχ is Weyl spinor. Da denotes a superconformal covariant derivative.
Instead, the real linear multiplet L is embedded as
L = {C,Z, 0, 0, Ba,− 6DZ,−C}, (3.5)
where C is a real scalar, Z is a Majorana spinor, and Ba is a vector constrained by D
aBa = 0.
Here we used the conventions 6D = γaDa and  = DaDa.
In the same way with Eq. (2.13) in global SUSY, one can define the chiral spinor
prepotential Φα of L. Taking into account the fact that D and D¯ alter weights (12 ,−32) and
(1
2
, 3
2
) [35], we find Φα has weights (
3
2
, 3
2
). This multiplet has the following embedding into
the chiral multiplet (3.4) [61],
Ω¯Φ =
{
Ω¯PLη,− i
4
√
2
(
Babγ
ab + C + iE
)
PLΩ,−1
2
Ω¯PLZ − Ω¯PL 6Dη
}
, (3.6)
where we inserted a constant spinor Ω, and Ω¯ is defined by Ω¯ = ΩTC4 with charge conjugation
matrix C4. The scalar E and two-form Bab are real, and η is a Majorana spinor.
Finally, the chiral field strength multiplet Wα which is a counterpart of Eq. (2.2) has
following structure,
Ω¯W =
{
Ω¯PLλ,
1√
2
(
−1
2
γabF
ab + iD
)
PLΩ, Ω¯PL 6Dλ
}
, (3.7)
where D is a real scalar, λ is a Majorana spinor, and Fab is a field strength. Wα also has
weights (3
2
, 3
2
). As is the global SUSY case, the combination Wα − 2igΦα is gauge invariant
under the transformations
δWα = −g
2
ΣDαΘ, δΦα = i
4
ΣDαΘ, (3.8)
3We use same letter for the first component of chiral multiplet.
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where Θ is a real multiplet with weights (0, 0).
For our purpose, we enumerate some formulas of conformal SUGRA such as action for-
mulas and multiplication rule, mainly focusing on bosonic parts 4. For chiral multiplet with
weights (w, n) = (3, 3), we have the superconformal F-term formula,
[X ]F =
∫
d4x
√−g1
2
(FX + h.c.) + fermion terms. (3.9)
For a real multiplet with (w, n) = (2, 0) whose contents are φ = {C,Z,H,K,Ba,Λ, D}
with all components real (Majorana), superconformal D-term formula can be applied,
[φ]D =
∫
d4x
√−g
(
D − 1
3
CR
)
+ fermion terms, (3.10)
where R denotes Ricci scalar. In our notation, each formula is connected by
[φ]D = [Σ(φ)]F . (3.11)
We also need multiplication rule. The multiplet whose first component is given by f(CI),
where I classifies different multiplets, has following form{
f, ..., fIHI + ..., fIKI + ..., fIBIa + ...,
..., fIDI + 1
2
fIJ
(KIKJ +HIHJ − BaIBJa −DaCIDaCJ)
}
, (3.12)
where the subscript I means the derivative with respect to CI , and ellipses denote fermionic
terms.
3.2 Embedding of DBI action into conformal SUGRA
We consider embedding of the global constraint,
X + aXD¯2X¯ + b(W − 2igΦ)2 = 0, (3.13)
into conformal SUGRA. Recall that total Weyl and chiral weights of each term in the con-
straint must be equal. The third term in Eq. (3.13), which would be replaced by (W−2igΦ)2,
has weights (3, 3) as shown in the previous subsection. Then, weights of the first term X
are determined as (3, 3). For the second term, however, we cannot replace D¯2 with the chi-
ral projection operator Σ, since now X¯ has weights (3,−3) which conflicts with the weight
condition that the operand of Σ must satisfy : w − n = 2. Then, to apply Σ correctly, we
define
X¯/U20 , (3.14)
4Useful formulas in conformal SUGRA are summarized in Ref. [62].
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where U0 is a general multiplet with weights (x, x − 2), thus this multiplet has weights
(w′ = 3− 2x, n′ = 1− 2x). Here, x is arbitrary. In this case, Eq. (3.14) satisfies the weight
condition w′−n′ = 2, which is consistent with the requirement. Then, we conclude that the
second term in Eq. (3.13) should be replaced by XΣ(X¯/U20 ).
The corresponding constraint of (3.13) in conformal SUGRA is then,
X + aXΣ(X¯/U20 ) + b(W − 2igΦ)2 = 0. (3.15)
Since XΣ(X¯/U20 ) should have (w, n) = (3, 3), one find that only a possible value of x is
x = 2. Some comments are as follows : First, we assumed U0 is a compensator multiplet,
since it disappears in the global limit as Eq. (3.13), and this means U0 should be regarded
as gravitational corrections. Secondly, at this stage, we do not specify the formulation of
SUGRA, that is, what the compensator U0 is. Therefore, various SUGRA embeddings can
be achieved under different choices of U0, as long as their weights have the form as (2, 0).
For example, U0 = S0S¯0, where S0 is a chiral compensator with (1, 1), realizes old minimal
formulation. On the other hand, U0 = L0 is also available as a choice of U0, where L0 is a
linear compensator with (2, 0), which describes the new minimal formulation. Further, there
exists one more off-shell formulation known as non minimal formulation which corresponds
to the choice of a complex linear multiplet Ψ0 as a compensator. Here, a complex linear
multiplet is defined by relaxing the reality condition of L in Eq. (3.2). Ψ0 has weights
(w,w−2), thus it can be used as U0, if we also use its conjugate Ψ¯0 with weights (w,−w+2).
Using Eq. (3.15), the minimal extension of Eq. (2.18) is given by
S = 2
[
X + Λ
(
X + aXΣ
(
X¯
U20
)
+ b(W − 2igΦ)2
)
+MX2
]
F
+ SL, (3.16)
where Λ and M are Lagrange multiplier chiral multiplets with weights (0, 0) and (−3,−3)
respectively. SL is responsible for the kinetic terms of graviton, gravitino and linear multiplet
L, and takes the following form
SL = [U
1
2
0 U¯
1
2
0 F(ℓ)]D, ℓ ≡
L
U
1
2
0 U¯
1
2
0
, (3.17)
where F is a real function with weights (0, 0).
The minimal action (3.16) can be extended to matter coupled system as
SM = 2
[
f(Si)X + Λ
(
X +XΣ
(
ω(ℓ, Si, S¯ j¯)X¯
U20
)
+ b(W − 2igΦ)2
)
+MX2
]
F
+ SL,M ,
(3.18)
where f is a holomorphic function of matter chiral multiplets Si with (0, 0), and ω is a
general function of linear multiplet ℓ in addition to matter multiplets. Here, f and ω have
weights (0, 0) since ℓ, Si, and S¯ j¯ are all (0, 0) multiplets. Note that other insertions of matter
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function, e.g., to the second term ΛX → g(Si)ΛX do not change the system essentially, since
suitable field redefinition leads to Eq. (3.18) again. Finally, SL,M is a generalization of Eq.
(3.17) whose form is
SL,M = [U
1
2
0 U¯
1
2
0 F(ℓ, Si, S¯ j¯)]D. (3.19)
In addition to Eq. (3.17), this part also produces kinetic terms for matter multiplets Si and
S¯ j¯, governed by Ka¨hler potential.
Furthermore, in the old minimal case, the general form of superpotential W (Si) can be
allowed without any restrictions as
[S30W (S
i)]F . (3.20)
Here, W is a holomorphic function of Si with (0, 0). In the other formulations such as the
new and non minimal, we can also introduce superpotential but restricted class [63].
3.3 Component expansion
In this subsection, we only give a result for the component expressions of our actions, focusing
on bosonic fields. The minimal action (3.16) can be regarded as a special case of a general
action (3.18) with f → 1, ω → a, and matter dependences of Eq. (3.19) omitted, thus we
start from the derivation for Eq. (3.18).
So far, we have not specified the formulation of SUGRA. Here, we consider the old
minimal case, taking U0 = |S0|2. Following Ref. [64], we formally write the functional form
of F as
F(ℓ, Si, S¯ j¯) = ℓG(eK3 ℓ), (3.21)
where G is a real function and K = K(Si, S¯ j¯) is a would-be Ka¨hler potential. Now, ℓ
should be understood as ℓ = L
|S0|2
. For simplicity, we also assume ω is real. Under these
assumptions and simplifications, we eliminate auxiliary fields and impose superconformal
gauge fixing conditions (see appendix A for detailed procedure). The bosonic component
expressions of Eq. (3.18) with the superpotential (3.20) are given by5
LM =1
2
R −Kij¯∂µSi∂µS¯ j¯ −
3
4C2
2G′ + yG′′
G′ + yG′′
(∂µC∂
µC − BµBµ)− VF
− |S0|
4fR
2ω
+
2ibfI
1− 2bω
|S0|4
(gC)2
FabF˜ab
+
|S0|4
2ω
√
f 2R −
2bω
|S0|4 (gC)
2(f 2R + f
2
I )×
√√√√−det
{
gab +
√
−8bω/|S0|4
1− 2bω
|S0|4
(gC)2
Fab
}
, (3.22)
5Lagrangian density is defined by S =
∫
d4x
√−gL.
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where
VF =
3|S0|4
2ℓy
[
1
G′
Kij¯(Wi +KiW )(W¯j¯ +Kj¯W¯ ) +
3
G′ + yG′′
|W |2
]
. (3.23)
We have used the same letters for the first components of multiplet f = fR + ifI , ω, ℓ and
compensator S0. Also, subscripts i and j¯ denote derivatives with respect to S
i and S¯ j¯, e.g.,
Kij¯ = ∂
2K/∂Si∂S¯ j¯ , and Kij¯ ≡ (Kij¯)−1. y is defined by y = eK3 ℓ, and prime denotes a
derivative with respect to y. Further, we use gauge invariant combination Fab ≡ Fab + gBab
and F˜ab ≡ − i
2
εabcdFcd.
In Eq. (3.22) and (3.23), S0 should be understood as the function of physical fields such
as C and Si. This is because superconformal gauge fixing produces an implicit equation
with respect to compensator S0, which one cannot solve in general [64]. Note that F has
compensator dependence through ℓ = C/|S0|2. Once the functional form of F (G in this
case) is determined, we can fix the value of S0.
One can easily obtain the component expressions in the minimal case (3.16), taking
W = K = 0, ω = a, f = 1. As an simple example, here we consider the case where F is
given by F = ℓ3/2 [64]. In this case, the explicit value of S0 is determined from Eq. (A.12)
and Eq. (A.13) as,
S0 =
1
3
C
3
2 . (3.24)
In this case, the action (3.22) reduces to
L =1
2
R− 9
4C2
(∂µC∂
µC − BµBµ)
− M
4
∗
2
C6
[
1−
√
1− g
2
2M4∗C
4
×
√√√√−det
{
gab +
√
−2
M4∗C
6 − (gC)2
2
Fab
}]
, (3.25)
where we fixed constants as 34a = 1/M4∗ , b = 1/4.
4 Duality relations
Here, we show some dual descriptions of the action shown in the previous section. So far,
we have derived the possible couplings between an abelian gauge field and the two-form
B-field. By the duality relations discussed below, we can see the system from some other
perspectives, which would be useful to understand the physical consequences and to compare
it with superstring effective actions.
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Electric-magnetic duality
First, we show that the Eq. (3.18), which is the DBI action of a two-form Fab = Fab+Bab, is
equivalent to the DBI action of an abelian gauge field with a Chern-Simons coupling B ∧F .
This can be regarded as the electric-magnetic duality. We relax the Maxwell constraint
DαWα − D¯α˙Wα˙ = 0 on Wα in Eq. (3.18). We impose it by adding the following term,
S ′M = SM + 2[i
¯ˆWW]F , (4.1)
where Wˆα = −12ΣDαVˆ and Vˆ is a real superfield. This superfield Wˆ is a magnetic-dual field
strength superfield of W because the E.O.M of W gives
Wˆα = i
2
δSM
δWα . (4.2)
Now, W in Eq. (4.1) should be understood as the unconstrained chiral superfield (with a
spinor index). Let us see how the original system is reproduced : The variation with respect
to Vˆ gives
[i
¯ˆWαWα]F = 1
2
[iWαΣ(DαVˆ )]F
=
1
4
[iWαDαVˆ + h.c.]D
=
1
4
[i(DαWα)Vˆ + h.c.]D
=
1
4
[i(DαWα − D¯α˙Wα˙)Vˆ ]D, (4.3)
and this yields the original action (3.18) where W satisfies the Maxwell constraint.
Instead, if we first vary the W, then the E.O.M of W reads
Wα = 2igΦα − i
2bΛ
Wˆα. (4.4)
Substituting it into Eq. (4.1) and redefining ΛX → X , we obtain the dual action
S ′M = 2
[
f(Si)X +
1
Λ
(
X +XΣ
(
ω¯(ℓ, Si, S¯ j¯)X¯
U¯20
)
+
1
4b
Wˆ2
)
− 2gΦWˆ + M
Λ2
X2
]
F
+ SL,M ,
(4.5)
where we have used the following identity [62],[
Σ
(
ωXX¯
U20 Λ¯
)]
F
=
[
Σ
(
ω¯XX¯
U¯20Λ
)]
F
. (4.6)
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Note that Φ¯Wˆ in Eq. (4.5) is invariant under the gauge transformation (3.8) up to the
Maxwell constraint for Wˆ .
The Lagrange multiplier term 1/Λ in Eq. (4.5) gives rise to an algebraic equation, whose
solution is X = X(Wˆ, ω,U0). Then, the action becomes
S ′M = 2[f(S
i)X(Wˆ, ω,U0)]F + [−2gΦWˆ ]F + SL,M . (4.7)
Note that the term proportional to M in Eq. (4.5) automatically vanishes for the solution
X = X(Wˆ, ω,U0). The first term corresponds to the DBI type action of an abelian gauge
superfield Wˆ , which has not Fab = Fab + Bab but Fˆab. Here Fˆab is a field strength which
belongs to Wˆ . The second term gives the Chern-Simons term B ∧ Fˆ . This is one of the
different pictures of the original action (3.18).
Linear-chiral dual
There is another dual picture of the system. We start with Eq. (4.5) and use the linear-chiral
duality [59] : The relevant part of Eq. (4.5) is
[U
1
2
0 U¯
1
2
0 F(ℓ, Si, S¯ j¯)]D + 2
[
1
Λ
XΣ
(
ω¯(ℓ, Si, S¯ j¯)X¯
U¯20
)
− 2gΦWˆ
]
F
, (4.8)
For the second term, we perform the following partial integration in the same way as Eq. (4.3),[
1
Λ
XΣ
(
ω¯(ℓ, Si, S¯ j¯)X¯
U¯20
)
− 2gΦWˆ
]
F
=
[
−g
2
Vˆ L+
1
2
(
ω¯
ΛU¯20
+ h.c.
)
XX¯
]
D
, (4.9)
where L = DαΦα + D¯α˙Φα˙ and L is a real linear superfield which satisfies Σ(L) = Σ¯(L) = 0.
Then one finds that with a real superfield U and a chiral superfield ϕ whose weights are
(2, 0) and (0, 0) respectively, Eq. (4.8) is equivalent to[
U
1
2
0 U¯
1
2
0
{
F(ℓU , Si, S¯ j¯)− gVˆ ℓU +
(
ω¯
ΛU¯20
+ h.c.
)
|x|2 + ℓU(ϕ+ ϕ¯)
}]
D
, (4.10)
where
ℓU ≡ U/U
1
2
0 U¯
1
2
0 , (4.11)
|x|2 ≡ XX¯
U
1
2
0 U¯
1
2
0
. (4.12)
The variation with respect to ϕ (ϕ¯) imposes the linearity condition on U , i.e.,
Σ¯U = ΣU = 0, (4.13)
13
which leads to U = L and we obtain Eq. (4.8). On the other hand, the E.O.M of U gives
F ′ + ϕ+ ϕ¯− gVˆ +
(
ω¯′
ΛU¯20
+ h.c.
)
|x|2 = 0, (4.14)
where prime denotes the derivative with respect to ℓU . In principle, we can solve this equation
as
ℓU =ℓU(ϕ+ ϕ¯− gVˆ , Si, S¯ j¯,U0, U¯0, X, X¯,Λ, Λ¯)
=ℓ1 + ℓ2|x|2, (4.15)
where
ℓ1 = ℓU |x=0, (4.16)
ℓ2 = ∂x∂x¯ℓU |x=0. (4.17)
This is a general expression because of the nilpotency of X . By taking X = 0 for both sides
of Eq. (4.14),
F ′|ℓU=ℓ1 + (ϕ+ ϕ¯− gVˆ ) = 0. (4.18)
We can also regard ℓ1 as a solution of this equation. By substituting the solution ℓU =
ℓ1 + ℓ2|x|2 into the action, we obtain
S ′′M =[U
1
2
0 U¯
1
2
0 H(ϕ+ ϕ¯− gVˆ , Si, S¯ j¯, X, X¯,U0, U¯0,Λ, Λ¯)]D
+ 2
[
X +
1
Λ
(
f(Si)X +
1
4b
Wˆ2
)
+
M
Λ2
X2
]
F
. (4.19)
Here H is a real function with weights (0, 0), and the relation with F is given by
H =
[
F(ℓU , Si, S¯ j¯) + ℓU(ϕ+ ϕ¯− gVˆ ) +
(
ω¯
ΛU¯20
+ h.c.
)
|x|2
]∣∣∣∣∣
ℓU=ℓ1+ℓ2|x|2
=
[
F(ℓ1, Si, S¯ j¯) + ℓ1(ϕ+ ϕ¯− gVˆ ) +
(
ω¯|ℓU=ℓ1
ΛU¯20
+ h.c.
)
|x|2
]
+
[
F ′(ℓ1, Si, S¯ j¯) + (ϕ+ ϕ¯− gVˆ )
]
ℓ2|x|2
=
[
F(ℓ1, Si, S¯ j¯) + ℓ1(ϕ+ ϕ¯− gVˆ ) +
(
ω¯|ℓ=ℓ1
ΛU¯20
+ h.c.
)
|x|2
]
, (4.20)
where we have used Eq. (4.18) in the third equality. Therefore, we finally obtain the action
S ′′M = [U
1
2
0 U¯
1
2
0 H(ϕ+ ϕ¯− gVˆ , Si, S¯ j¯)]D
+ 2
[
X +
1
Λ
(
f(Si)X +XΣ
(
ω¯(ℓ1, S
i, S¯ j¯)X¯
U¯20
)
+
1
4b
Wˆ2
)
+
M
Λ2
X2
]
F
, (4.21)
where H ≡ H|X=0. This is nothing but the massive DBI action derived in Refs. [15, 29, 30].
The component expressions of dual actions (4.5) and (4.21) are shown in appendix B.
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5 Discussions and summary
In this paper, we have discussed the SUGRA generalization of SUSY DBI action coupled
to a two-form field. Based on conformal SUGRA technique, we have considered possible
matter coupled extension and shown that it can be realized in any off-shell formulations
with different auxiliary fields. This fact is contrast to our previous work [65], where we
found the DBI action of a complex scalar field cannot be realized in old minimal formulation
as a naive SUGRA embedding of SUSY models in Ref. [20].6 In addition to this, there
exists another model, which is realized only in new minimal formulation [39]. It would
be interesting to explore the (physical) reasons behind that if any, in the study of SUSY
higher-order derivative models. Also in such models, it might be important to clarify what
formulations of SUGRA are allowed, as we have done in this work, since it is expected that
duality transformation between different formulations [63] does not work in the existence of
higher-order derivative couplings.
We have also discussed the duality relations of DBI actions in terms of superfields. We
have shown that DBI action of generalized gauge invariant two-form Fab = Fab + Bab is
equivalent to the DBI action of Fab with a SUGRA extension of B ∧ F , or to the massive
DBI action discussed in Refs. [15, 29, 30]. It is remarkable that we find these duality relations,
which are expected from the SUSY case [22, 29, 30], hold independently of the choice of the
compensator superfields.
As we have discussed in Sec. 1, although the D-brane action coupled to SUGRA has been
shown and our result would also contribute to such an attempt, the SUGRA completion of
the Dp-brane requires further investigation. Recently, it has been shown that the anti-D3-
brane under a specific condition would be described as the Volkov-Akulov(VA) nilpotent
superfield [66, 67, 68]. In Refs. [69, 70], the relation between the DBI-VA action [7] and con-
strained superfields has been also investigated, which would clarify the SUGRA realization
of D-brane actions.
Another important thing is the cosmological applications of DBI(-VA) action. One of
the directions is the massive vector inflation, where the Stuckelberg superfield plays the
role of the inflaton [71]. As realized in Ref. [15], the inclusion of DBI corrections to the
potential can make the inflaton potential flatter than that without higher order corrections.
The model in this paper is dual to the massive DBI model and must be applicable to such
model construction. The other direction is the use of DBI action as the stabilizer/Goldstino
superfield, which is described by constrained superfields [72, 73, 74]. In Ref. [66], the D3-
brane action with orientifold conditions gives the VA action. It would be rather important
to clarify the relation between the nilpotent superfield and our DBI action in terms of
superfields. We expect that such a relation would be found since the VA action has SUSY
6The action is also a DBI action with a linear superfield as our present model. However, these are
essentially different from each other since the present one is realized with prepotential but the previous one
with a (gauge invariant) linear superfield. The former is dual to a massive vector superfield, and the latter
is dual to a chiral superfield.
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nonlinearly. In our construction of the DBI action shown in Sec. 3, we have shown that the
DBI constraint has the hidden nilpotency X2 = 0, which would be a key to understand the
relation. We will investigate these aspects of DBI action in SUGRA elsewhere.
Acknowledgment
SA thanks Hiroyuki Abe and Ryo Yokokura for useful discussions. YY would like to thank
Renata Kallosh for useful comments. The work of SA is supported by Research Fellowships
of Japan Society for the Promotion of Science for Young Scientists Grant Numbers 16J06569.
The work of YY is supported by SITP and the NSF grant PHY-1316699.
A Integration of auxiliary fields and superconformal
gague fixing
Here, we show some details for deriving the component action (3.22) from (3.18) in old
minimal case with
U0 = S0S¯0. (A.1)
For notational simplicity, we divide our action (3.18) into two parts
SM = SL,M + SDBI,M , (A.2)
where SL,M denotes Eq. (3.19) with a possible superpotential (3.20) of matter multiplets S
i,
i.e.,
SL,M = [S0S¯0F(ℓ, Si, S¯ j¯)]D + 2[S30W (Si)]F , with ℓ =
L
S0S¯0
. (A.3)
Then, we first discuss the DBI part LDBI,M , and derive the on-shell action. Note that proce-
dures obtaining on-shell actions, that is, eliminating auxiliary fields, can be done separately
as long as matter chiral multiplets Si are gauge singlets, which we assume here for simplicity.
Even if there exist charged matters, the procedure is almost the same (see ,e.g., Refs. [14, 15]).
Applying the superconformal action formulas (3.9), (3.10) and multiplication rule (3.12)
to SDBI,M , we obtain the bosonic components,
LDBI,M =(f + Λ)FX + ω|FX |
2
|S0|4 (Λ + Λ¯)+
bΛ
[
1
2
FabFab − 1
2
FabF˜ab +
(
iD − g
2
(C + iE)
)2]
+ h.c.. (A.4)
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In this action, we need to eliminate auxiliary fields, FX , Λ and D. One can integrate out
FX and obtain the following Lagrangian, with Λ = ΛR + iΛI ,
LDBI,M =− |S0|
4
4ω
(fR + ΛR)
2 + (fI + ΛI)
2
ΛR
+ b
(
FabFab + 1
2
(gC)2 − 2
(
D − g
2
E
)2)
ΛR
− b
(
iFabF˜ab − 2gC
(
D − g
2
E
))
ΛI . (A.5)
Next, we algebraically solve the E.O.Ms for ΛR and ΛI , which yield
ΛR =± fR
[
1− 4bω|S0|4FabF
ab − 2bω|S0|4
(
(gC)2 − 4
(
D − g
2
E
)2)
− 4(bω)
2
|S0|8
(
iFabF˜ab − 2gC
(
D − g
2
E
))2]− 12
, (A.6)
ΛI =− fI − 2bω|S0|4
(
iFabF˜ab − 2gC
(
D − g
2
E
))
ΛR. (A.7)
Substituting them into Eq. (A.5), we obtain
LDBI,M =− |S0|
4fR
2ω
+ ibfIFabF˜ab − 2fIbgC
(
D − g
2
E
)
± |S0|
4fR
2ω
[
1− 4bω|S0|4FabF
ab − 2bω|S0|4
(
(gC)2 − 4
(
D − g
2
E
)2)
− 4(bω)
2
|S0|8
(
iFabF˜ab − 2gC
(
D − g
2
E
))2] 12
. (A.8)
Finally, we eliminate D whose E.O.M is given by
D − g
2
E =−
i bω
|S0|4
gC
1− 2bω
|S0|4
(gC)2
FabF˜ab
± fI
2
gC
√
1
f 2R − 2bω|S0|4 (gC)2(f 2R + f 2I )
×
√√√√−det
{
gab +
√
−8bω/|S0|4
1− 2bω
|S0|4
(gC)2
Fab
}
.
(A.9)
Then, the on-shell superconformal action is
LDBI,M =− |S0|
4fR
2ω
+
2ibfI
1− 2bω
|S0|4
(gC)2
FabF˜ab
+
|S0|4
2ω
√
f 2R −
2bω
|S0|4 (gC)
2(f 2R + f
2
I )×
√√√√−det
{
gab +
√
−8bω/|S0|4
1− 2bω
|S0|4
(gC)2
Fab
}
.
(A.10)
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Let us move to the part LL,M . This part was studied well in Ref. [64], so we only comment
on superconformal gauge fixing and give the final on-shell Lagrangian here. From D-term
formula (3.10), the coefficient of Ricci scalar is found to be
1
2
R
(
−2
3
|S0|2(F − CFC)
)
, (A.11)
where FC = ∂F/∂C. The second term including FC comes from the fact thatC in Eq. (3.5)
contains the Ricci scalar. Then, we impose superconformal gauge fixing conditions as
−2
3
|S0|2(F − CFC) = 1, (A.12)
S0 = S¯0, (A.13)
bµ = 0. (A.14)
Here, bµ is the gauge field of dilatation symmetry. The first condition eliminates dilatation
symmetry and ensures the action in the Einstein frame. The second and third conditions
correspond to fixings of U(1)A symmetry and conformal boost, respectively. One can see that
Eq. (A.12) is an implicit equation with respect to S0 since F has dependence on it through
ℓ, then we do not have an explicit solution in general. This fact may result in complicated
component form of LL,M . We use the specific choice of F as Eq. (3.21) following Ref. [64],
though Eq. (A.12) is still implicit for S0. With this choice, however, much simplification
occurs after integrating out auxiliary fields F0, F
i,Aµ, which are F components of S0 and Si,
a gauge field for U(1)A symmetry, respectively. Then we finally obtain the expression [64],
LL,M = 1
2
R−Kij¯∂µSi∂µS¯ j¯ −
3
4C2
2G′ + yG′′
G′ + yG′′
(∂µC∂
µC − BµBµ)− VF , (A.15)
where the F-term scalar potential VF is given by Eq. (3.23).
The sum of Eq. (A.10) and Eq. (A.15) leads to the action (3.22).
B Component expressions of dual actions
For completeness, we show components of dual actions (4.5) and (4.21). We also follow the
choice (A.1) here.
We start from Eq. (4.5). The part SL,M is same as Eq. (A.3) with components (A.15),
then we discuss the remaining part SDBI,M . Under following field redefinitions, fX = X˜ ,
1
Λ
= Λ˜, MΛ˜
2
f(Si)2
= M˜ and dropping tildes again, the DBI part of Eq. (4.5) is equivalent to
SDBI,M = 2
[
1
f(Si)
X + Λ
(
X +XΣ
(
ω¯(ℓ, Si, S¯ j¯)X¯
|f(Si)|2U¯20
)
+
1
4b
Wˆ2
)
− 2gΦ¯Wˆ +MX2
]
F
.
(B.1)
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Then, one can regard the first term and parts which are proportional to Λ as Eq. (3.18)
with the following replacements,
f → 1
f
, ω → ω¯|f |2 , b→
1
4b
, W + Φ→ Wˆ, (B.2)
thus the things to do are almost the same. The components are given by
LDBI,M = i
2
gFˆabB˜
ab − i
4b
fI
f 2R + f
2
I
Fˆab
˜ˆ
F ab
− |S0|
4fR
2ω
[
1−
√
1− bω
2|S0|4
f 2R + f
2
I
f 2R
(gC)2
√√√√−det
{
gab +
√
−2ω
b|S0|4(f 2R + f 2I )
Fˆab
}]
,
(B.3)
We have also assumed that ω is real here. Then, the total on-shell Lagrangian of Eq. (4.5)
is given by Eq. (A.15)+Eq. (B.3).
Finally, we discuss the action (4.21). In this case, there is no linear multiplet since it
has been already converted to a chiral multiplet ϕ, thus we can perform the well-known
superconformal gauge fixings, in contrast to the above discussions. As we mentioned before,
this action describes massive vector field with DBI corrections after imposing gauge fixing
condition ϕ = 0. The massive vector multiplet Vˆ has following bosonic components,
Vˆ = {Cˆ, ..., Hˆ, Kˆ, Bˆa, ..., Dˆ}, (B.4)
where all of them are real and ellipses denote fermion parts. The physical bosonic fields are
Cˆ and Bˆa, and others are auxiliary fields. It is not difficult to eliminate all of the auxiliary
fields including FX ,Λ, F0, F
i,Aµ7. Then, we fix the dilatation symmetry by
−2
3
|S0|2H = 1. (B.5)
One can see that this condition can be solved with respect to S0. The conditions for U(1)A
symmetry and conformal boost are the same as Eqs. (A.13) and (A.14). After that, we
obtain the on-shell Lagrangian,
L =1
2
R −Jij¯∂µSi∂µS¯ j¯ − 1
4
JCˆCˆ∂µCˆ∂µCˆ −
1
4
JCˆCˆBˆµBˆµ
+
{
−1
2
JCˆi∂µCˆ∂µSi −
i
2
JCˆiBˆµ∂µSi + h.c.
}
− VF
− i
4b
fI
f 2R + f
2
I
Fˆab
˜ˆ
F ab − fRe
2
3
J
2ω
+
fRe
2
3
J
2ω
√
1− bω
2
f 2R + f
2
I
f 2R
J 2
Cˆ
e−
2
3
J ×
√√√√−det
{
gab +
√
−2ω
b(f 2R + f
2
I )
e−
2
3
J Fˆab
}
(B.6)
7The matter coupled Lagrangian without DBI corrections can be found in Ref. [75].
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where we introduced a real function J by
J = −3 log
(
−2
3
H
)
. (B.7)
The subscripts of J denote derivatives with respect to Cˆ, Si, S¯ j¯, in the same way as K in
Eq. (3.22) . The F-term scalar potential VF is given by
VF =e
J
[(
Jij¯ −
JCˆiJCˆj¯
JCˆCˆ
)−1(
Wi + JiW − JCˆJCˆiJCˆCˆ
W
)(
W¯j¯ + Jj¯W¯ −
JCˆJCˆj¯
JCˆCˆ
W¯
)
− 3|W |2 + J
2
Cˆ
JCˆCˆ
|W |2
]
. (B.8)
This action reduces to the matter coupled massive vector action obtained in Ref. [75] in the
limit ω → 0 and f → 1, where DBI corrections disappear.
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